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Abstract: Estimates of low streamflow statistics are required for a variety of water resource applications. At gauged river sites, the
estimation of low streamflow statistics requires estimation of annual n-day minimum streamflows, selection of a probability distribution
to describe annual minimums, and estimation of the distribution’s parameters. Using L-moment diagrams, the ability of various probabil
ity distributions to describe low streamflow series was examined at 1,505 gauged river sites in the United States. A weighted distan
statistic was developed to compare the goodness-of-fit of different probability distributions for describing low streamflow series. Com
pared to perennial streamflow sites, a shift of L-moments ratios was observed at intermittent river sites where discharge is sometim
reported as zero. An analytical experiment compared the observed shifts in L-moment ratios at intermittent sites with theoretice
L-moment ratio shifts for a number of real- and log-spaced probability distributions. Results of these experiments indicate that Pearsc
Type Ill and the 3-parameter lognormal distributions should be the recommended distributions for describing low streamflow statistics il
the United States at intermittent and nonintermittgrgrennial sites, respectively.
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Introduction frequency of low streamflow series can be adequately modeled
using a particular probability distribution.
Low streamflow estimates are crucial fgt) water quality man- The few studies that have investigated fitting probability dis-

agement;(2) issuing or renewing National Pollution Discharge tributions to low streamflow series have not arrived at a consen-
Elimination System(NPDES permits; (3) planning water sup-  sus. Taske(1987 used a bootstrap resampling experiment of low
plies, hydropower, cooling and irrigation systems; éidassess- streamflow quantile estimators to compare the relative perfor-
ing the impact of prolonged droughts on aquatic ecosystems. Itmance of four different probability distribution&l) 3-parameter
has been over 20 years since the ASCE Hydraulics Divisions TaskWeibull (W3); (2) log-Pearson Type II{LP3); (3) log Boughton;
Committee on Low-Flow Evaluation, Methods, and Neébask and (4) Box-Cox. Analyzing 20 rivers in Virginia, Taské1987)
Committee 198D recommended “establi§img] standard proce-  recommended the W3 or LP3 for describing the frequency of
dures for low-flow measurements and analysis.” Unfortunately, 7-day annual minimum streamflow series. Condie and (875
such standard procedures have not been developed, and muchased their “goodness-of-fit” test on the ability of a distribution
ambiguity still exists regarding the recommended procedures for to produce an acceptable lower bound within the range from zero
estimating low streamflow statistics at both gauged and ungaugecko the minimum observed flow. Condie and NX975 concluded
stream sites. This study addresses the question: What probabilitythat the W3 is an appropriate probability distribution for fitting
distribution should one employ for a frequency analysis of low |ow flows at Canadian rivers. Vogel and Krgll989 used a re-

streamflows in the United States? o gional probability plot correlation coefficiefPPCQ test to ex-
The most widely employed low streamflow statistic in the amine the performance of various probability distributions in de-
United States is the 7-day, 10-year, low-flow; @Q(Riggs 1980. scribing 7-day annual minimum streamflow series in

When a sufficiently long discharge record is available at a river Massachusetts. Based on an analysis of 23 sites, they recom-

site, low-flow statistics, such as the, 3, can be obtained by a  mended the 2- and 3-parameter lognoritiai2 and LN3, LP3,

frequency analysigRiggs 1968a,b, 1972The true distribution of  or W3 distributions. @oz and Bayazit1999 used a PPCC test to

minimum river flows is not known, yet one must assume the examine the fit of various probability distributions to low flows of

varying durations at 16 European rivers, and they recommended
! Assistant Professor, Environmental Resources and Forest Engineerthe Generalized Extreme Val&EV) distribution. In two older

ing, SUNY College of Environmental Science and Forestry, Syracuse, studies, Matalag1963 recommended the W3 and the LP3 for

NY 13210. E-mail: cnkroll@esf.edu fitting 1-day and 7-day low streamflows by analyzing 34 rivers
2 Professor, Watershed Center, Civil and Environmental Engineering, across the United States, while JosépB70 recommended the
Tufts Univ., Medford, MA 02155. E-mail: rvogel@tufts.edu gamma distribution(GAM) for 14-day low flows in Missouri.

Note. Discgssion open _until August 1, 2002. Separate _discussionsV09e| and Kroll(1989 and Delleur et al(1988 provide compre-
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1986; Tasker 1989; Wandle and Randall 1993; Rumenik and focus our attention on the 7-day, annual minimum streamflows.
Grubbs 1998 Durrans and Tomi€1996 also advocate the use of The 7-day annual minimums are the streamflow series most often
the LP3 distribution for frequency analysis of lowflows in the analyzed in practice, such as in developinga @stimate. Sum-
state of Alabama. The recently developed National Drought Atlas mary results are also presented for 1-day and 30-day annual mini-
(Werick 2000 uses a Generalized Wakeby distribution to describe mum series. A weighted distance measure is developed to reduce
annual minimum streamflow series. The Generalized Wakeby dis-any subjective bias from visually interpreting L-moment dia-
tribution, a 4-parameter distribution, is one of the most flexible grams. The weighted distance measure is examined both region-
distributions available, because it can mimic the shape of mostally and nationally, and the impact of intermittent river sites on
3-parameter probability distribution functions. Another approach the L-moment analysis is examined. We also employ recently
is to derive the probability distribution of annual minimum low introduced L-moment relations for censored d&Zafirakou-
flow series from a physically based hydrologic mo@ebttschalk Koulouris et al. 1998to examine the behavior of low flow series
et al. 1997. at intermittent river sites.

One problem with a number of earlier studies was the small
number of sites examined. Pear4d®95 analyzed 1-day annual
minimum streamflows at over 500 river sites in New Zealand, Development of L-Moment Diagrams
concluding that no single 2- or 3-parameter distribution provided
an adequate fit. Vogel and Wilsai996 performed a similar An L-moment diagram provides a visual comparison of sample
study to that of Pearson, examining the performance of variousestimates to population values of the L-moment ratios L-cv,
probability distributions in describing 1-day annual, minimum, L-skew, and L-kurtosigStedinger et al. 1993A distinct relation-
low flows at 1,455 river sites across the United States and recom-ship between L-moment ratios exists for various probability dis-
mended the P3 distribution. Unlike all the other studies men- tributions. For instance, if one was to examine a 2-parameter
tioned, both Pearsofl995 and Vogel and Wilsor(1996 used distribution, a unique relationship exists between L-cv and
L-moment diagrams to compare the goodness-of-fit of probability L-skew. If a data series is described by a specific 2-parameter

distributions in a region. Clausen and Pearsd®95 used distribution, one expects sample L-cv and L-skew estimates to

L-moment statistics at 44 sites in New Zealand to show that low cluster around the L-cv/L-skew relationship for that specific

flow duration and magnitudes follow a LN3 distribution. 2-parameter distribution. Vogel and Fennes§E§93 show that
L-moment ratio estimatord.-cv, L-skew and L-kurtosiswere L-moment ratio diagrams are always preferred to product moment

introduced by Hosking1990 and are derived from probability ~ ratio diagrams for analyzing the goodness-of-fit of a probability
weighted moment estimatofsandwehr et al. 1979 L-moment distribution to observations.
ratio estimators are linear estimators and do not suffer from the
excessive bias associated with product-moment ratio estimators
(Vogel and Fennessey 1993 he benefits of L-moment ratio es- Data Analyzed
timators(such as near normality and unboundedpésye been
discussed by many autho(slosking 1990, 1992; Hosking and Here, L-moment diagrams are developed using unbiased
Wallis 1997; Vogel and Fennessy 1993Hosking and Wallis L-moment estimatorgHosking 1990. Unbiased L-moment esti-
(1997 provide a thorough description of L-moment estimators. mators are recommended in practiedinger et al. 1993; Vogel
L-moments have been used in a wide variety of goodness-and Fennessey 1993; Hosking and Wallis 1)99% mentioned
of-fit analyses. For instance, Fill and Stedind#®95 showed previously, the USGS’s HCDN database was used in this experi-
that the power of an L-momemttest for the Gumbel distribution ~ ment. Only the 1,560 sites with flows acceptable on a daily time-
is greater than that of a PPCC test. Because of the unboundednessfep (as defined within the HCDN databassere employed. In
and near normality of L-moment estimators, L-moment goodness- addition, only sites with at least 4 non-zero d-day annual mini-
of-fit tests have been developed for a number of different distri- mum flows were included in the analysis. For 7-day annual mini-
butions, such as the GEYChowdhury et al. 1991and normal mum flows, this criterion removed 55 sites from the analysis.
(Hosking 1990. Using 42, long-term, gaging stations, Chow and Unlike Vogel and Wilson (1996, no discordancy measures
Watt (1994 showed the difficulty of using L-moment diagrams as (Hosking and Wallis 1998were used prior to the L-moment
a goodness-of-fit measure when the number of sites is small. Re-analysis to eliminate sites with unusual sample statistics. Many of
cently, Carusd2000 used both a Kolmogorov-Smirnov test and the sites Vogel and Wilson removed due to discordancy were
an L-moment ratio test to compare the fit of various probability intermittent sites; in this experiment such sites proved important
distributions to low flow series at 21 rivers in New Zealand. Caru- When interpreting shifts in L-moment diagram trends, as will be
so’s L-moment test was based on the closeness of the recordliscussed later. Thus for 7-day annual minimum flows, 1,505 of
length-weighted mean values of the sample L-moment ratios tothe HCDN sites were analyzed.
the L-moment ratios of the underlying distribution.
Our investigation employs the USGS'’s Hydro-Climatic Data
Network (HCDN) (Slack and Landwehr 1993the same data set L-Moment Diagram Comparisons
used by Vogel and Wilsoi1996. The HCDN database contains
historic daily average streamflows at over 1,500 USGS gaugedFig. 1 illustrates sample estimates of L-cv versus L-skew for
river sites spatially distributed throughout the United States. In 7-day annual minimum low streamflows in the conterminous
the United States, this database contains streamflow of the highestUnited States. Also plotted on this figure are the L-cv/L-skew
available quality(Slack and Landwehr 1993 relationships for three 2-parameter probability distributions: log-
The goal of this study is to determine appropriate probability normal (LN2); gamma(GAM); and Weibull (W2). The plotted
distributions for describing annual, minimum, low streamflow se- relationships for the 2-parameter distributions were based on the
ries throughout the United States. Unlike Vogel and Wilson polynomial approximations developed by Vogel and Wilson
(1996, who examined 1-day annual minimum streamflows, we (1996.
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1979 to the sample L-moment ratios, and then compared the
L-SKEW LOWESS curve to the L-moment relationships for the different

distributions mentioned above. The LOWESS curve, though, is
somewhat subjective in nature. The amount of smoothing cap-
tured by the LOWESS curve is controlled by altering the
Fig. 2 illustrates sample L-kurtosis versus sample L-skew for FOWESS parameters. In addition, if one was instead to fit the
7-day annual minimum streamflow across the conterminous FOWESS curve by interchanging the x-axis and y-akiskew is
United States. This diagram displays the L-kurtosis/L-skew rela- 9€nerally plotted on the x-axis in L-moment diagranasdifferent
tionships for four 3-parameter distributions: generalized extreme CUrve would be obtained. The LOWESS curve with the suggested
value (GEV), Weibull (W3), lognormal(LN3), and Pearson Type parameterlzatlomrlcube weighting fu.nctlon, 'polynoml'al order of
il (P3. These curves were drawn based on the polynomial ap- 1+ @hd @ smoothing parameter of Di§ also included in Figs. 1
proximations given by Hosking1991) and Stedinger etal. &d2. , , , ,
(1993. It is important to note the log-Pearson (LP3) distribu- To av0|d_ difficulties with the visual interpretation of the _
tion, whose log-spaced L-moment ratios follow the same trends L-moment diagrams, a performance measure was developed. This
as those of a P3 distribution, is not analyzed in this experiment, Measure, the average weighted orthogonal distaAeéOD), is

This is because a unique relationship does not exist between thelefined as

Fig. 1. L-cv versus L-skew for conterminous USA

real-space L-moment ratios for the LP3 distribution. N
It is difficult to ascertain from Figs. 1 and 2 what is the most 2 RL;d;
appropriate distribution to model 7-day annual minimum low AWOD = ':; Q)
streamflows across the conterminous United States. As a
goodness-of-fit criterion, Vogel and Wilsor1996 fit a locally 2 RL;
where RL=record length at sité; d;=orthogonal distance be-
095 tween the sample L-moments at sitend the L-moment relation-
+  Sites without zero ship for a specific distribution; antl=number of sites. The

o  Sites with zeros AWOD measures the average weighted distance between sample

GEV L-moment ratios and a probability distribution’s theoretical
0704 —— W3 o L-moment ratio relationship. The closer the sample L-moment
— ";';3 ratios are to a probability distribution’s L-moment ratio relation-

ship the smaller the AWOD, which would indicate a better choice
of distribution for describing the low flow series. The AWOD is
similar to the measure used in Carus@)00 L-moment dia-
gram test. To compare the relative performance of each method
relative to the best method, a performance rée® was deter-
mined as

* LOWESS

0.45

L-KURTOSIS

0.20 PRyethod™ AWODgest method AWODethod 2

The best method will have the smallest AWOD and, thus, will
have a PR of 1. All other methods will have a PR between 1 and
0.

The PR was estimated for 7-day annual minimum streamflows
in each of the USGS’s 21 water resource regions. These water
L-SKEW resource regions are shown in Fig. 3. Only sites with no zero
observations were included in the calculation of performance ra-
tios, because Figs. 1 and 2 document that sample L-moment ratios

-0.3 0.0 0.3 0.6 0.9

Fig. 2. L-kurtosis versus L-skew for conterminous USA

JOURNAL OF HYDROLOGIC ENGINEERING / MARCH/APRIL 2002 / 139



1.0 T 00000000 BTV ORO0yoBv RO
v v
v " v? v
m 0y o
v
v
®
J v [ ]
08 e © v .
v v
v [ ]
[ v ™ [
o 7 O A
= - n ne 2 ® oa <
T 06 o " E 06 © © ° 000
[ < o
9] v ] 'y e <
8 v ..V. 8 < <
@ S
g OO o £ o <& <
[ S <
L 0414 © o o 2 04 o
) o> < [ g_)
o O.O <o o ¢ o
o o <o < <o
0.2 1 o 0.2
<&

04— T T T T T TTTTT T T T T T T T T T T W0 +~rrTvT T T T T—TT TV T T T T T T T T T
'-N"’*'“"°'\°°°’9:$!$S”_’s9.':9228&§§§ "N“*“w““m.‘?:.‘!?—’ﬁ.@-‘et;‘??&&gg@
® N2 . L ° NG ~Tg
v GAM Region <<z o Region g2
n w2

| W
< PAR2 <& P:H3
A P3

Fig. 4. Performance ratios for 2-parameters distributions: No zeros

Fig. 5. Performance ratios for 3-parameter distributions: No zeros

at sites with and without zeros behave quite differently. Further-
cr::)%r:i,s'fgr?tt\ljv?t%r?ﬂgall_}r:gr%rgr?{]teg?i:w/:felsn fglrgfﬁelseiltr:'js %vﬁaenoonr:)-/ annual minimums, the LN3 distribution had the smallest AWOD
. - . . across all regions, followed closely by the GEV distribution.

zero observations. Fig. 4 contains the performance ratio for four, S o
o . Similar to the results of Pearsdii995, no one distribution

2-parameter distributions—LN2, GAM, W2, and Generalized . o o .

provides a superior fit to annual minimum streamflow series

Pareto(PAR2). Results are presented for each water resource re- . .

. . o : . across all regions of the United States. In general, 2-parameter
gion, as well as for all sites within the conterminous United States "~~~ ° - - ) .
combined. Thus, “All 7 day” in Fig. 4 refers to 7-day annual dlstrlbutlons qlo npt provide enough flexibility to describe a'W|de.

: ' ’ range of distributional shapes, and probably should be avoided in

minimums at all sites within water resource regions 1 through 18. -
In comparing 2-parameter distributions, it appears that the LN2 low streamflow frequency analyses. Results from this first analy-
' sis indicate that of the 3-parameter distributions analyzed, the

distribution performs slightly better than the GAM distribution, LN3 distribution appears to provide the best fit to low streamflow

providing the smallest AWOOPR=1) in 12 of the 21 regions : ) . : . :
: : series at nonintermittent river sites throughout the United States,
and with the smallest AWOD across all regions. The GAM was followed by the GEV, P3 and W3, in that order. Of the

f [ I f th i hile the W2 f i o ; AR
preferred in only 5 of the regions, while the was preferred in 2-parameter distributions examined, the LN2 distribution per-

only 3 of the regions. The generalized par@\R2) distribution ¢ d best for the sit th N f b i
always performed poorly compared to the other distributions ana- ormed best for the sites with no zero streamriow observations.

lyzed. Overall, the LN2 distribution performed best, followed by
the GAM, W2 and PAR2 in that order. Also included in Fig. 4 are
the 2-parameter distribution results for the 1-day and 30-day an-lmpact of Intermittent Gauging Sites
nual minimum low streamflows across the conterminous United
States. For 1-day, 7-day, and 30-day annual minimums, the LN2In Figs. 1 and 2, a distinction was made between sites with and
distribution had the smallest AWOD across all regions. without 7-day annual minimums calculated as zero, with nonzero
Fig. 5 contains the PR for 7-day annual minimum streamflows sites represented using solid circles and sites with zeros repre-
using five 3-parameter distributions—LN3, GEV, W3, Pareto sented using unfilled circles. In both of these figures, the sample
(PAR3), and P3. Results are presented for each water resourcd_-moment ratios for the intermittent sites appear to follow a dif-
region, as well as for all sites in the conterminous United States. ferent trend, with a general shift to the upper right, which indi-
In comparing 3-parameter distributions, it appears that the GEV cates an increase in all three of the sample L-moment ratios. Figs.
and LN3 distributions perform equally as well, with the W3 and 6, 7, and 8 contain plots of the three sample L-moment ratios
P3 providing a slightly poorer fit and PAR3 performing very versus the percentage of zeros across all 21 regions. These plots
poorly. The LN3 was preferred in 10 regions and was the pre- all have a trend with a positive slope, which indicates an increase
ferred distribution across the conterminous United States, while in L-moment ratios with an increase in the percentage zeros.
the GEV was preferred in 8 regions, the W3 in 3 regions, and the ~ While one may consider the occurrence of zero discharges to
P3in 1. be remote, of the 1,505 HCDN sites analyzed above, (2040
Also included in Fig. 5 are the 3-parameter distribution results contained 7-day annual minimum streamflows calculated as zero.
for the 1-day and 30-day annual minimum low streamflows across Typically, all discharge values below a measurement threshold are
the conterminous United States. For 1-day, 7-day, and 30-dayreported as zero. The measurement threshold is often a function

140 / JOURNAL OF HYDROLOGIC ENGINEERIING / MARCH/APRIL 2002



1.0 3 . .:.‘ ~ n
e o ° L, | eee 0,
. .’: :.‘Q'.c .e.; ’~0 -
0.8 *. ’: MR 2 ™ L
e A ao R ..
’. %}}."-' O e
0.6 - Feper .
e
> .
Q 04 ?, 3
- ’.
o2
0.0
-0.2
0.4 T T T T
4] 20 40 60 80
PERCENTAGE ZEROS

Fig. 6. L-cv versus percentage of zeros for conterminous USA
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Fig. 8. L-kurtosis versus percentage of zeros for conterminous USA

of the physical characteristics of the stream at the gauge location,
and generally ranges from 0.01 to 0.1 cfs. Zero discharges at river
sites are often referred to as censored ditall and Stedinger
1996; Durrans et al. 1999and the percentage of zeros is referred
to as the censoring percentage. Estimators for censored distribu-
tions have been investigated for both log-spa@éall and Ste-
dinger 1996 and real-space@Wang, 1990a, b, 1996distribu-

tions.

There are many potential models of intermittent streamflows,
and various estimators of streamflow statistics take advantage o
these models. One procedure used for estimating low streamflow
quantiles at intermittent river sites is to employ a conditional
probability adjustment(CPA) (Tasker, 1989 a methodology
originally developed for flood§Jennings and Benson 1969; Haan
1977. The CPA models the low-flow process as a mixed distri-

1.0 . _':.;;\-
« ' . ¢« oo o, a.
08 » . * Ce o ettt Tt
. . .o.‘ M “e
.... -'. . '. ..- ., :.._ . .. . .3
0.6" s .f. « - .o.-....':. > °« ® £ .
2 St TS, .
g oefeBIEIL L
e, ~» .
a3 et
0.2 .:,: :
o
0o’
0.2
'0'4 T T T T
0 20 40 60 80
PERCENTAGE ZEROS

Fig. 7. L-skew versus percentage of zeros for conterminous USA

100

bution with a point mass at zero and a continuous distribution for
the non-zero observations. In Figs. 1 and 2, all flgmsluding
those recorded as zerwere used to develop sample L-moment
ratio estimators. Figs. 1 and 2 were reproduced using only the
non-zero values at intermittent sites to develop sample L-moment
ratios. If the continuous distribution that describes the non-zero
observations at intermittent sites follows the same L-moment
ratio pattern as observed at sites with no zeros, we should see no
difference in L-moment patterns for the intermittent sites and
Inonintermittem(no zeros sites. Contrary to this, a shift similar to
that seen in Fig. 2 was also observglis figure is not included
here. This indicates non-zero discharges at intermittent sites do
not follow a similar L-moment ratio pattern as those from nonin-
termittent sites, which may indicate that either a censored or trun-
cated distribution should be used to describe the non-zero obser-
vations at intermittent sites.

The next section presents an analysis of L-moment diagram
shifts due to censoring. Of interest is whether the observed shifts
in L-moment diagrams, when censoring occurred, can be repro-
duced by analyzing the theoretical shifts due to censoring in
L-moments for various probability distributions.

L-Moment Ratio Shifts due to Censoring

Hosking (1995 introduced two types of probability weighted mo-
ment (PWM) estimators for right censored samples, type A and
type B. Right-hand censoring is common in manufacturing appli-
cations, which formed the impetus for Hoskind’s995 work.
Zafirakou-Koulouris et al(1998 introduced PWM estimators for

left censored observations, which differ from the expressions for
right censored observations introduced by Hoskibg95. Type

A censored PWMs are equivalent to the L-moments of the uncen-
sored observations. Type B occur when the censored observations
are replaced by some nominal val(gypically the censoring
threshold, and the PWMs are calculated from the “completed
sample”. In this analysis, we have calculated sample L-moments
treating the zero observations as zeros, which is equivalent to type
B censored PWMs where the censored observations are replaced
by zero.
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Fig. 9. Theoretical shifts in L-moment ratios for a censored 3-parameter lognormal distribution

Zafirakou-Koulouris et al. (1998 investigated shifts in

Four probability distributions were considered—LN3, GEV,

L-moment diagrams of left censored data sets for numerous prob-P3, and the 4-parameter Generalized Wakeby distribuiiga).

ability distributions. They introduced theoretical expressions for
type A and type B left censored PWMs, which relate the censor-
ing percentages, to the censored PWMs. Using this information,
one can theoretically derive the impact of censoring on
L-moments for various censored probability distributions. Using
the notation of Zafirakou-Koulouris et 811998 for left censor-
ing, the inverse cumulative distribution function or quantile func-
tion for type B censored PWMs can be expressed as

x(c) O<u<c
x(u) c=su<l

Y (u)= 3)

The quantile functioryB' expresses the magnitude of an event
(here a 7-day annual minimum lowflgwas a function of its non-
exceedance probabilitfHosking and Wallis 1997 The x(c) in

Eq. (3) represents the value assigned to the censored observation
Zafirakou-Koulouris et al(1998 showed that left censored type
B PWMs can be defined as

r+1 1
B?’zx(c)r+1+f u'x(u)du (4)

c

When the censored observatioxg) are replaced by zero, the
first term of (4) drops out leaving

BrB'=flurx(u)du (5)

The quantile function for a specific distribution allows examina-
tion of how PWMs, L-moments, and L-moment ratios change

In the following experiment, only the 304 sites with censored
observations were employed, because those sites are hypothesized
to follow a different probabilistic trend than sites with no zeros.
Using the sample L-moments for the sites with zeros, the param-
eters for the four probability distributions were estimated, result-
ing in 304 different parameter sets for each distribution. The cen-
sored sites were grouped based on ranges of censoriag: O
<0.2; 0.x¢<0.4; 0.4<c<0.6; and 0.6:¢<0.8. Within a spe-
cific range, once the parameters for a distribution were estimated,
the L-moments ratios were then estimated using (Gg.at the
upper and lower bounds of the censoring range. For instance,
within the range of censoring 02 < 0.4, all sites with between
20 and 40% of 7-day annual minimums reported as zero were
considered. For each distribution, the parameters were then esti-
gpated at each of these sites, and then the L-moment ratios were
calculated for censoring of 20 and 40%, the bounds of the range.

Figs. 9 through 12 contain plots of L-kurtosis versus L-skew
for the four distributions examined. Each figure contains four
plots, one for each of the censoring ranges. Each plot contains
three different symbols representing both sample and theoretical
L-moment ratios. The circles represent the sample L-moments for
the sites with censoring within the specific censoring range. These
are the same sample L-moments plotted in Fig. 2. The squares
represent the theoretical L-moment ratios calculated at the lower
end of the censoring range, and the crosses represent theoretical
L-moment ratios at the upper end of the censoring range.

Since L-moment ratio estimators are unbiased estimators, we
would expect the theoretical L-moment ratios to either encompass

theoretically under various censoring scenarios. Hosking andthe sample L-moment ratios or for there to be a uniform scatter of

Wallis (1997 provide quantile functions for many commonly em-
ployed probability distributions.
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the sample L-moment ratios around the theoretical L-moment ra-
tios. Figs. 9 and 10 are for the LN3 and GEV distributions. For
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12. Theoretical shifts in L-moment ratios for a censored 4-parameter generalized Wakeby distribution

lower censoring ranges, the theoretical curves for these distribu-types of sites separately. For the nonintermittent sites we used a
tions appear to intersect the sample data, yet for censoring aboveveighted distance performance measure to compare the perfor-
0.2, there appears to be a strong upward bias of the theoreticaimance of four 2-parameter and five 3-parameter probability dis-
curves. tributions. This performance measure was analyzed both region-

Fig. 11 contains plots for the P3 distribution. In this figure, the ally and nationally for the nonintermittent sites. Results indicated
upward bias observed for the LN3 and GEV distributions is not that no one distribution provides a superior fit to annual minimum
apparent at any censoring range. The theoretical curves appear tetreamflow series at all locations within the United States. Of the
intersect the sample data as they would be expected to if the date8-parameter distributions analyzed, the 3-parameter lognormal
were correctly described by this distribution. This result indicates (LN3) distribution provided the best overall fit when intermittent
the trends observed in sample L-moment ratios at intermittent streamflow sites were excluded from the analysis. The GEV dis-
sites are better described by the P3 distribution than by either thetribution performed nearly as well as the LN3 distribution fol-
LN3 or GEV distributions. lowed by the LP3 and W3 distributions.

Fig. 12 contains theoretical curves for the W4 distribution, a ~ Of the HCDN sites analyzed, approximately 20% contained
Generalized Wakeby distributiqiower bound set to zejpat the 7-day annual minimum streamflows calculated as zero. At these
various censoring ranges. The trends in sample L-moment ratiosintermittent river sites, sample L-moment ratios were generally
appear to be well described by the W4 distribution. This result is larger than the sample L-moment ratios at nonintermittent sites,
to be expected, because the Wakeby distribution is an extremelywith sample L-moment ratios increasing as the percentage of
flexible probability distribution that can mimic most of the other zeros increased. Streamflow discharge below a measurement
probability distribution functions considered. threshold is typically reported as zero. Such a process produces
what is generally referred to as censored data. To investigate
L-moment ratio shifts due to censoring, an analytical experiment
was conducted to analyze the performance of four distributions—
LN3, GEV, P3, and the 4-parameter Generalized Wakeby distri-
In this study, L-moment diagrams were constructed with sample bution (W4). Using the 304 sites with intermittent streamflows,
L-moment ratios for 1-, 7-, and 30-day annual minimum stream- the underlying distributions were parameterized and then theoret-
flow series at all HCDN river sites. Although L-moment diagrams ical shifts in L-moment ratios were calculated for various censor-
are recommended in practice, using visual observation of ing levels. These theoretical points were then plotted with the
L-moment diagrams to distinguish between competing distribu- sample L-moment ratios for the intermittent sites to see if any of
tions proved extremely difficult, even though the sample size was the observed trends were reproduced by these distributions. The
relatively large(approximately 1,500 sitgs P3 and W4 produced theoretical points which uniformly inter-

L-moment diagrams illustrated that sample L-moment ratios at sected the sample L-moment ratios, while the LN3 and GEV pro-
intermittent and nonintermitten@ll nonzero streamflowssites duced points that generally overestimated the L-kurtosis and,
follow different trends, hence we elected to evaluate these two thus, appeared upwardly biased. This result indicates the P3 dis-

Conclusions
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tribution provided a better description of the censoring process Haan, C. T.(1977. Statistical methods in hydrologyowa State Univ.

than the GEV or LN3 distributions at the intermittent sites.

Press, Ames, lowa.

Based on these results, the following three conclusions wereHosking, J. R. M.(1990. “L-moments: Analysis and estimation of dis-

reached:

1. Even when a large data set is present, it is difficult to distin-
guish between competing probability distributions using
L-moment diagrams.

States, the LN3 distribution is preferred.

If one distribution was to be employed to describe low
streamflow series at intermittent sites across the United
States, the P3 distribution is recommended.
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